X-ray fluorescence signals that provide a localized ͑atom-specific͒ probe of core excitations in molecules are calculated for a one-dimensional chain of atoms. The relative and the translational motions of electron-hole pairs are clearly separated in real space and may be directly probed by the frequency and wave-vector dependence of the signals.
I. INTRODUCTION
The dynamics of electronic excitations in assemblies of coupled molecules ͑aggregates, light-harvesting molecules, dendrimers͒ ͓1-5͔ and nanostructure semiconductors ͑quan-tum dots, wells, and wires͒ ͓6-11͔ have been extensively studied by ultrafast optical nonlinear spectroscopies. Geometric confinement of excitons often gives rise to a large enhancement of optical nonlinearities resulting from the increased binding energy and oscillator strength. Nonlinear spectroscopy in the optical region provides detailed information on the dynamics of a confined excitons. However, optical techniques can only create a spatially homogeneous ͑uni-form͒ distribution of excitons, since the optical wavelength is longer than the exciton spatial coherence length. In order to investigate exciton dynamics in confined systems, it is necessary to probe separately the relative and the translational motion of the electron-hole pairs in real space. This may be possible using time-and frequency-resolved x-ray emission spectroscopy. In addition the dipole approximation that applies for optical excitations often implies selection rules that make only a few excitons available. X-ray excitations are not subjected to the selective rules and can probe the entire exciton band.
Recent advances in the development of the intense femtosecond coherent x-ray sources have opened up new possibilities of ultrafast spectroscopy in x-ray region. X-ray pulses as short as 300 fs have been reported so far ͓12͔, but much shorter 10 Ϫ18 s pulses are possible. In addition to their temporal resolution, x rays have a high spatial resolution, stemming from their 100 Å to 1 Å wavelength. X-ray pulses have therefore the unique capacity to directly probe the dynamics of elementary excitations in materials, such as excitons, polaritons, and polarons, as well as nuclear motions in real time and space ͓13-16͔.
One notable characteristic of x-ray excitation is its high selectivity achieved by tuning the wavelength to a particular core-state resonance. Local electronic structure and bonding around an excited atom have thus been investigated by various types of core-level spectroscopies, including x-ray photoemission ͓17-20͔, extended x-ray absorption fine structure ͓21,22͔, x-ray absorption near edge structure ͓23͔, and x-ray emission ͑fluorescence͒ ͓24͔. The creation of a core hole by an incident x-ray photon induces a significant change of the electronic states and nuclear motions that tend to screen the core hole potential ͓25-27͔, giving rise to shake-up satellite or vibrational sidebands in x-ray absorption and photoemission spectra are direct evidence for these effects ͓20,23͔. Core-level spectroscopies have therefore become a powerful tool for investigating electronic states of strongly correlated materials, including 3d transition metals and rare-earth compounds ͓19,20͔.
The relaxation dynamics and nuclear motions in core excited states have direct signatures in x-ray emission spectrum ͓27-31͔. Frequency domain resonant x-ray emission studies were carried out in crystals ͓32-37͔, gas molecules ͓38,40͔, polymers ͓41͔, and surface adsorbates ͓39͔. Frequency domain resonant x-ray emission has been calculated using the Kramers-Heisenberg formula ͓42-48͔. Cederbaum and coworkers had employed a time-dependent wave packet representation for the resonant x-ray emission spectrum of molecules ͓29,30,49͔. Gel'mukhanov and co-workers have also used the time-dependent form of the Kramers-Heisenberg formula to calculate resonant x-ray emission spectra of molecules and study the nuclear relaxation dynamics upon core excitations ͓31,50,51͔. Recently they have computed a theory for the time-and frequency-resolved x-ray emission spectrum using equations of motion for the density matrix, and calculated the spectrum for a simple three-level systems coupled to molecular vibrations ͓52͔.
We have recently formulated the theory of nonlinear x-ray spectroscopy in terms of nonlinear response functions ͓53͔, which provide a systematic approach for computing the nonlinear response to any desired order in the incoming fields. The Liouville space pathways for the nonlinear response provide an intuitive picture for time-resolved spectroscopies, since they establish a connection between the time evolution of the density matrix and the observed signal. In this paper we apply this formalism towards the calculation of the time and frequency-resolved emission spectrum ͑TFXES͒ in a three-band model for a one-dimensional atomic chain. The model is presented in Sec. II. Formal expressions for TFXES are given in Sec. III. Numerical calculations are shown in Sec. IV, and the results are discussed in Sec. V.
II. THE CORE-EXCITON MODEL
In a resonant x-ray emission process from a single atom, the incoming x-ray beam excites an electron from a core orbital c to an unoccupied orbital b, and the x-ray photon emission subsequently takes place when an electron moves from a different occupied valence orbital a to the core orbital c. The core excited state has an electron in orbital b and a core-hole in orbital c. Following the x-ray photon emission, an electron and a hole are left in orbitals b and a, respectively. The process ͓Fig. 1͑a͔͒ thus involves at least three orbitals, with energies ⑀ a , ⑀ b , and ⑀ c , respectively.
We denote the Fermi creation ͑annihilation͒ operator of the electron in the orbital b as b † (b), and the creation ͑anni-hilation͒ operator of the hole in the orbitals a and c, by a † (a) and c † (c), respectively. For clarity, we neglect the multiplet couplings between the core hole and excited electron, and between the valence hole and the excited electron, so that we can ignore the spin degrees of freedom. Our model consists of a linear chain of N identical atoms ͓Fig. 1͑b͔͒ described by the Hamiltonian
The first three terms in the right-hand side represent the three atomic orbitals of the N sites. The following two terms represent the electron and hole exchange between these orbitals, where ⌬ lm j denotes the transfer integral of orbitals j(ϭb,a) between the lth and mth sites. We adopt the tight-binding Hamiltonian for the occupied and unoccupied valence orbitals, i.e., we only take into account the nearest-neighbor transfer between b's (⌬ b ) and a's (⌬ a ) orbitals. We also neglect the transfer between the core orbitals c, because it is usually very small, i.e., the transfer between C 1s core orbitals has been estimated ϳ50 meV in C 2 H 2 , whereas the other parameters have magnitudes of ϳ1 eV. ͓54͔ The last two terms represent the Coulomb interactions between the core hole and the excited electron, (U cb ), and between the valence hole and the excited electron (U ba ). We further assume equal spacing a 0 between neighboring atoms with the periodic boundary condition.
We shall denote the relevant many-electron eigenstates of this Hamiltonian as the ground ͉g͘, core-excited ͉e͘ and final states ͉ f ͘. ͓Fig. 1͑c͔͒ ͉e͘ are obtained by diagonalizing the Hamiltonian using the basis set:
͉ f ͘ are obtained similarly by diagonalizing the Hamiltonian with the basis set:
Similar Hamiltonians are used for describing the optical response of semiconductors ͓7͔ and conjugated molecules ͓55͔. For simplicity, in this paper, we neglect the exchange Coulomb interaction, setting U l Ј m Ј ;lm j ϭ0 unless lϭlЈ and mϭmЈ. We assume the Ohno model for Coulomb interaction
where ⑀ represents a screening range of the long-range Coulomb interaction. The Ohno model interpolates between the on site repulsion U j of the Hubbard model and the long range Coulomb and can describe exciton binding. FIG. 1 . ͑a͒ X-ray scattering process for a three-atomic-orbital model, ͑b͒ interactions between the atomic levels, and ͑c͒ the level schemes for the global eigenstates of molecules consisting N atoms. ⑀ c , ⑀ b , and ⑀ a are the energies of the core, unoccupied, and occupied valence orbitals, respectively. 0 ϵϪ⑀ c is a reference energy. ⌬ b and ⌬ a are the transfer integrals between the b and a atomic orbitals, respectively. The Coulomb interactions between the core hole and the excited electron, and between the valence hole and the excited electron are denoted U cb and U ba , respectively. In ͑c͒, the global eigenstates for the ground, core-excited, and the final ͑optically-valence-excited͒ states are represented by ͉g͘, ͉e͘, and ͉ f ͘, respectively.
III. THE TIME-AND FREQUENCY-RESOLVED X-RAY EMISSION SPECTRUM
We consider an experiment whereby the system is irradiated by the x-ray pump pulse and the spontaneously emitted x-ray photon with scattering wave vector q s is detected using time and frequency gates. Even though the signal intensity is proportional to the incident x-ray intensity and the technique is strictly speaking linear, the process can be formulated as a nonlinear third-order response ͓53,56͔. The same formulation also holds for time-resolved x-ray diffraction ͓53͔.
The emitted x-ray mode should be treated quantum mechanically while the incident beam is treated classically. The vector potential is thus expanded as
where A 1 is the classical incident x-ray field envelope, and the emitted x-ray mode is described by the operator
where B 2 (B 2 † ) denotes the annihilation ͑creation͒ operator of the emitted x-ray photon.
The operator representing the photon emission rate is
and the photon emission rate with the energy 2 at time t is given by Tr͓N s T (t)͔, where T (t) denotes a density matrix for the whole system including the material and the radiation field. The time-gated fluorescence obtained by mixing the signal with the time-gating field A t (t) is calculated in Appendix A:
͑8͒
The correlation functions R j are represented by summations over of the global ͑many-electron͒ eigenstates:
where P(g) is the ground state population. The matrix elements of the current density between the many-electron eigenstates, j (,ϭg,e,eЈ, f ), are given in Appendix A. I (t) is an auxiliary function
where ϵ(⑀ Ϫ⑀ )/ប is the transition frequency. ⌫ is the relaxation rate defined by
where ␥ and ␥ are the inverse lifetimes of the and states, and ⌫ is the pure dephasing rate for the transition. Since the Hamiltonian ͓Eq. ͑1͔͒ is diagonal with respect to the core orbitals C l , we have in Eq.
In our numerical simulations we have used Gaussian pulses
We further assume that ␥ g ϭ␥ f ϭ0 and ⌫ eg ϭ⌫ ee Ј ϭ⌫ e f ϭ0.
Substituting Eq. ͑12͒ into Eq. ͑8͒, the gated signal is finally recast in the following form. ͑See Appendix B for details.͒
q s ϵk 2 Ϫk 1 is a scattering wave vector and ␥ e ϭ␥ e Ј ϭ⌫. It should be noted that the above formula may be also obtained using a second-order perturbative calculation of the wave function. In the absence of pure dephasing (⌫ ϭ0), a destructive interference takes place, canceling the fluorescence Liouville space pathways: The total emission is then of the Raman type ͓56͔. Once dephasing processes are incorporated, the system is no longer in a pure state and may not be represented by wavefunction; the density operator description is then essential. In this case, we need to evaluate each Liouville space paths using Eqs. ͑B1͒. If the incident x-ray pulse and the time-gated detection pulse are temporarily well separated, the triple integrations in Eq. ͑13͒ can be factorized into three one-dimensional integrals, and the TFXES signal is finally given by
͑15͒
All calculations reported below were carried out using Eq. ͑15͒.
IV. NUMERICAL CALCULATIONS
We assumed ⑀ b ϭ8 eV, ⑀ a ϭϪ8 eV, ⌬ b ϭϪ2 eV, and ⌬ a ϭ1.5 eV, ⌫ϭ32meV, and took Ϫ⑀ c as the energy origin. These are typical parameters for conjugated molecules ͓57͔.
We first present calculations for Nϭ2. This case is simple yet useful for illustrating the information contained in TFXES. Because of inversion symmetry, the total electronic Hilbert space is partitioned into a symmetric ͑gerade, g) and antisymmetric ͑ungerade, u) subspaces. The symmetrized states for the valence-excited state are represented by the site basis shown in Eq. ͑3͒:
where ϩ (Ϫ) denote g (u) subspaces. jϭ0,1 is used to classify the basis involved in the same subspace, and represents the relative hole-electron separation, i.e., a hole and an electron is located in the same site in ͉0,g(u)͘ v , while they are separated in ͉1,g(u)͘ v . The relative motion is represented by j and a translational motion of the pair is represented by g or u.
Using this basis set ͕͉0,g͘ v ,͉1,g͘ v ,͉0,u͘ v ,͉1,u͘ v ͖ the valence excited state Hamiltonian is
͑17͒
The symmetric ͉e͘ eigenstates are
with energies 
͑20͒
The antisymmetric eigenstates are similarly obtained by
with energies
where ⌬ u ϵ⌬ b ϩ⌬ a , and ϩ(Ϫ) sign takes for the state ␣(␤). The core-excited state Hamiltonian is obtained by replacing ⑀ b Ϫ⑀ a with ⑀ b and U ba with U cb , and taking ⌬ a ϭ0. The core excited eigenstates can be represented similarly. It should be noted that as the Coulomb interaction is increased, E ␣ ϪE ␤ increases, and ͉␣͘ tends to represent a localized Frenkel exciton state, where the hole and electron are confined to the same site, while ͉␤͘ represents a dissociated exciton ͑free electron-hole pair͒.
The energy level-scheme for the ͉e͘ and ͉ f ͘ states is depicted in Fig. 2 . In ͉e͘, ͉␣͘ c and ͉␤͘ c are doubly degenerate since the transfer between the core states was neglected. In ͉ f ͘, the energy separation between ͉␣͘ v and ͉␤͘ v is larger for the symmetric state g than the antisymmetric state u because of the difference of the effective hybridization (⌬ g and ⌬ u ). The calculated stationary x-ray absorption ͓͑a͒ and ͑b͔͒ and optical absorption ͓͑c͒ and ͑d͔͒ spectra are shown in Fig. 3 . Since the dipole approximation holds in the optical regime, only the symmetric states are active. As the excitonic effects becomes large ͓see ͑b͒ U cb ϭ4 eV and ͑d͒ U ba ϭ4 eV͔, the lower peak intensity grows.
The stationary resonant x-ray emission spectra for q s ϭ0 are shown in the left panel of Fig. 4 . In this case, the final state must be the symmetric one due to the momentum selection rule. The solid ͑dotted͒ lines show spectra corresponding to the excitation x-ray energy tuned to the lower ͑higher͒ energy peak in the x-ray absorption spectrum, i.e., the incident x-ray energy is resonant with ͉␣͘ c (͉␤͘ c ). When ͑a͒ U cb ϭU ba ϭ0 eV, Eq. ͑20͒ gives ϭϪ/4, and Eqs. ͑18͒, ͑21͒, and ͑A4͒ show that only the transitions of ͉␣͘ c →͉␣͘ v and ͉␤͘ c →͉␤͘ v are allowed for q s ϭ0, as shown by the thick arrows in Fig. 2 . This strict selection rule reflects the fact the spatial coherence of the core-hole states over both sites is maintained during the x-ray emission process. This has been experimentally demonstrated in the O 1s resonant x-ray emission spectrum of O 2 . ͓40͔
Coulomb interactions make the transitions ͉␣͘ c →͉␤͘ v and ͉␣͘ c →͉␤͘ v allowed, as shown by the thin arrows in Fig.   2 . As U cb is increased ͓Fig. 4͑b͔͒, the oscillator strength of the excitation to ͉␣͘ c becomes large, and the emission peaks from ͉␣͘ c ͑solid line͒ are dominant compared to ͉␤͘ c ͑dotted line͒. On the other hand, when U cb ϭ0 eV and U ba ϭ4 eV ͓Fig. 4͑c͔͒, the emission peaks from both ͉␣͘ c and ͉␤͘ c have the same intensity, and a small satellite appears on the lower ͑or higher͒-energy side of the principal transition. To analyze the electron-hole dynamics underlying these spectra we consider the expectation values of the relative separation between the core hole and excited electron
where P j (t) is the probability of finding core exciton with electron-hole separation j at time t,
and (2) (t) is the second-order density matrix defined in Eq. ͑7͒ in Ref. From the above definition, s(t) is the first moment of the distribution of P j (t), while (t) gives us the distribution width of P j (t). In Fig. 5 we display the time dependence of s(t) and (t). For ͑A͒U cb ϭ0 eV, we note that the excited pair is maximally separated and then bounces back to the excited site periodically: Only when (t)ϭ1 the density matrix (2) (t) is diagonal with respect to the site index j and the core excited state is described as a pure state in the basis of ͉ j,g(u)͘, otherwise the core-excited state is represented by a coherent sum of ͉ j,g(u)͘, so that s(t) takes a value between 0 and 1, e.g., when (t)ϭ2 s(t)ϭ0.5. For ͑b͒ U cb ϭ4 eV the excited electron is more strongly bound to the excited site, so that s(t) never reaches to 1.
This relative electron-hole motion of the core-exciton is directly monitored in the TFXES. The calculated TFXES are depicted in Figs. 6͑a͒-6͑c͒ , for the same parameters of Fig.   4͑a͒ -4͑c͒, respectively. We further assumed ␦ 1 ϭ0.1 fs and
FIG. 4. Stationary resonant x-ray emission spectra for Nϭ2.
The left panel is the spectra for q s ϭ0; ͑a͒ U cb ϭU ba ϭ0 eV, ͑b͒ U cb ϭ4 eV, U ba ϭ0 eV, and ͑c͒ U cb ϭ0 eV, U ba ϭ4 eV. The right panel is the spectra for q s •a 0 ϭ; ͑a͒ U cb ϭU ba ϭ0 eV, ͑b͒ U cb ϭ4 eV, U ba ϭ0 eV, and ͑c͒ U cb ϭ0 eV, U ba ϭ4 eV. ⌬ 2 denotes 2 Ϫ 0 , where 2 is a emitted x-ray photon energy. Solid ͑dotted͒ lines correspond to excitation energies tuned to the lower ͑higher͒ peaks of the x-ray absorptions in Fig. 3 ␦ t ϭ0.3 fs. The pulse lengths are taken to be shorter than the core hole lifetime (ϳ10 fs), and the characteristic time for the exciton motion ͑see Fig. 5͒ , but ␦ t is still long enough to retain spectral structure in the x-ray emission. The delay times are shown by the arrows in Fig. 5 . When ͑a͒ U cb ϭU ba ϭ0 eV, the two x-ray emission processes of ͉g͘→͉␣͘ c →͉␣͘ v and ͉g͘→͉␤͘ c →͉␤͘ v are independent, as indicated earlier and, the TFXES does not change with time. For large U cb ͑b͒, the excited coreelectron is bound by the core hole potential, forming the core exciton. The change of the TFXES with time, is too small to be noticeable. On the other hand, when U ba becomes large while U cb is left unchanged ͑c͒, the intensities of the lower and higher energy peaks changes periodically with time. We note that even in this case the total emission intensity ͑time resolved but frequency integrated͒ is decreased smoothly by the nonradiative Auger decay ⌫.
When the core hole and excited electron are located on the same site ͓spectrum D in Fig. 6͑c͔͒ , the x-ray emission energy increases by the valence exciton binding energy, while the x-ray emission decreases when the hole and electron are separated. We can compare the TFXES when the excited electron and core-hole is located on the same site with the instantaneous FXES obtained by reducing the corehole lifetime so that the excited electron cannot move away from the excited site. The FXES for various values of ⌫ are shown in Fig. 7 . As ⌫ is increased, the intensity of the higher energy peak is increased. The FXES for ⌫ϭ5 eV(ប/⌫ ϭ0.13 fs) is similar to the spectrum D in Fig. 6͑c͒ . The enhancement of the higher energy domain is caused by quantum interference between two emission paths of ͉g͘→͉␣͘ c →͉␣͘ v and ͉g͘→͉␤͘ c →͉␣͘ v ͓43͔.
We next turn to the wave-vector dependence of the spectra. The stationary resonant x-ray emission spectra for q s
•a 0 ϭ are shown in the right panel of Fig. 4 , for the same parameters used in the case of q s ϭ0. The solid ͑dotted͒ lines are obtained when the incident x-ray energy is tuned to the lower ͑higher͒-energy peak in the x-ray absorption. In this case, the final state must be antisymmetric due to the momentum selection rule. When ͑a͒ U cb ϭU ba ϭ0 eV, the emission ͑solid͒ line corresponding to the transition to ͉␣,u͘ v appears on the lower-energy side of the dotted line corresponding to the transition to ͉␤,u͘ v . As long as U ba ϭ0 eV, the energy separation between ͉␣,u͘ v and ͉␤,u͘ v is small, 2⌬ u ϭ2(⌬ b Ϫ⌬ a )ϭ1 eV. As U cb increases ͑b͒, the transition to ͉␤,u͘ v following the excitation to ͉␣͘ c state becomes allowed, forming the small shoulder on the lower energy side of the peak ͑the solid line͒. In contrast, upon excitation to ͉␤͘ c , the transition to ͉␣,u͘ v becomes allowed, as shown by the small shoulder on the higher-energy side of the peak ͑dotted line͒. As U ba is increased leaving U cb ϭ0 eV, the energy separation between ͉␣,u͘ v and ͉␤,u͘ v (U ba ϩͱ(U ba ) 2 ϩ4⌬ u 2 ) becomes large, and the small shoulder is then separated from the main peak, and its intensity increases ͑c͒.
The calculated TFXES for q s •a 0 ϭ with the same parameters of Fig. 4 are displayed in Fig. 8 . While we can hardly see a large temporal evolution of the spectra in Figs. 8͑a͒ and 8͑b͒ for the same reasons on Figs. 6͑a͒ and 6͑b͒, the spectrum strongly changes with time for ͑c͒ U cb ϭ0 eV and U ba ϭ4 eV. In this case the satellite peaks corresponding to the ͉␤͘ c →͉␣,u͘ v and ͉␣͘ c →͉␤,u͘ v transitions ͓right panel ͑c͒ of Fig. 4͔ are stronger than in the case of q s ϭ0 ͓left panel ͑c͒ of Fig. 4͔ . The higher-energy peak that is attributed to the transition to the valence-exciton state (͉␣,u͘ v ) is therefore enhanced by the quantum interference between two emission paths of ͉g͘→͉␣͘ c →͉␣͘ v and ͉g͘→͉␤͘ c →͉␣͘ v , when the excited electron and core hole are located on the same site.
We next present calculations for a larger Nϭ16 chain. We set U cb ϭU ba ϭ6 eV and ⑀ϭ0.8 in Eq. ͑4͒. The x-ray absorption ͑a͒ and the optical absorption spectra ͑b͒ are shown in Fig. 9 . The sharp 1 ϭϪ0.98 eV peak in Fig. 9͑a͒ attributed to the transition to the strongly localized core-core exciton state, is followed by a progression of higher energy peaks corresponding to transitions to the delocalized coreexcited states. Similarly the intense lowest energy peak in FIG. 6 . TFXES for Nϭ2 for q s ϭ0, where ⌬ 2 ϵ 2 Ϫ 0 ; ͑a͒ U cb ϭU ba ϭ0 eV, ͑b͒ U cb ϭ4 eV, U ba ϭ0 eV, and ͑c͒ U cb ϭ0 eV, U ba ϭ4 eV. The delays of the time-gated pulse are given by the arrows in Fig. 5 : In the left and the right panels the delay time A to F refer to the arrows in Fig. 5͑a͒ . In the middle panel the delay time A to F refer to the arrows in Fig. 5͑b͒ . The stationary resonant x-ray emission spectra for various scattering wave vectors are shown in the panels of ͑a͒ to ͑e͒ in Fig. 10 along with FXES. The incident x-ray energies are shown by the arrows ͑I-VII͒ in Fig. 9͑a͒ . Since the lifetime broadening ⌫ϭ32 meV is very small compared to the energy separations between core-excited eigenstates, FXES coincides with a sum of the stationary resonant x-ray emission spectra. It should be noted that we can probe the valence excitonic state with q s 0 that is forbidden optically.
The most intense peak ͑I͒ in the calculated stationary resonant x-ray emission spectra is attributed to the transition from the strongly bound core exciton state to the bound valence exciton state. While the bound core exciton state has no energy dispersion due to the vanishing core-hole transfer integral, the bound valence exciton ͑Frenkel exciton͒ has a energy dispersion due to the translational motion. The strong wavevector dependence of the peak position of the spectrum ͑I͒ reflects the energy dispersion of the valence ͑Frenkel͒ exciton. When the incident energy is tuned to the higherenergy peaks in the x-ray absorption ͑II-VII͒, the main contribution comes from the transition from the spatially separated core exciton states to the spatially well-separated valence exciton states. Therefore the spectral change is similar to the case of U ba ϭU cb ϭ0 eV ͑not shown͒. The core-exciton motion in real space is illustrated in Fig. 9͑c͒ that displays s(t) and (t). Because of the finite number of atoms in the system, (t) undergoes periodic motion: a core hole and excited electron created at the same site, are then separated, and the excited core electron periodically comes close to the excited site.
The TFXES for various q s are shown in Figs. 11-13, where ␦ 1 ϭ0.2 fs and ␦ t ϭ0.8 fs. The centers of x-ray excitation energies 1 are shown by the arrows in Fig. 9͑a͒ . Fourier transform of the excitation x-ray pulse provides the half-width half-maximum in energy ប/␦ 1 ͱ2 ln 2ϭ3.87 eV.
The TFXES depends both on the incident excitation energies and the scattering wave vectors similar to the stationary resonant x-ray emission spectra of Fig. 10 , because the integration of the TFXES over the gated delay time for a particular excitation energy and a scattering wave vector corresponds to the stationary resonant x-ray emission spectrum for the same excitation energy and a scattering wave vector. However the temporal evolution of the TFXES strongly depend on the excitation energy. When the excitation energy is tuned around the core-exciton state ͓͑I͒ and ͑II͔͒, the excited electron is strongly bound around the excited site, and FIG. 8 . TFXES for Nϭ2 for q s •a 0 ϭ; ͑a͒ U cb ϭU ba ϭ0 eV, ͑b͒ U cb ϭ4 eV, U ba ϭ0 eV, and ͑c͒ U cb ϭ0 eV, U ba ϭ4 eV. The delay of the time-gated pulse corresponds to the arrows in Fig. 5 : for ͑a͒ and ͑c͒ the delay time A to F is shown by to the arrows in Fig. 5͑a͒ , and for ͑b͒ the delay time A to F is shown by the arrows in Fig. 5͑b͒.   FIG. 9 . ͑a͒ Stationary x-ray absorption and ͑b͒ optical absorption spectra for Nϭ16. The expectation values of the relative separation between the core hole and the excited electron s(t) ͑solid lines͒ and the inverse participation ratio (t) ͑dotted lines͒ are shown in ͑c͒.
the main contribution to the x-ray emission comes from the transition from the strongly bound core exciton to the strongly bound valence-exciton state. Since the x-ray emission takes place around a single atomic site, the TFXES does not depend on time. On the other hand, as the excitation energy is tuned around the center of the continuous absorption band ͓(IV) -(VI)͔, the exciton wave packet is created by the excitation x-ray pulse and the excited electron can hop among the atomic sites. The TFXES then changes periodically with time, reflecting the relative motion of the coreexciton ͓see Fig. 9͑c͔͒ . The temporal change of the TFXES together with the strong wave vector dependence and the excitation energy dependence, allow to directly probe and separate the relative and the translation motion of the exciton.
V. CONCLUDING REMARKS
In this paper we have formulated TFXES in terms of the nonlinear response functions computed using the sum-over states expression. When the excitation and time-gated pulses are well separated and in the absence of pure dephasing, the signal assumes a simple form as a sum of the eigenstates ͓Eq. ͑15͔͒. This theory was applied towards the real-time and realspace study of exciton motion in an atomic chain. TFXES along with the x-ray absorption, optical absorption, stationary resonant x-ray emission spectra, and the dynamical relative motion of the core exciton: s(t), and (t) were calculated. The relative motion of the core exciton has direct signatures in the TFXES showing a periodic change that traces the relative motion of the core exciton. When the ex- cited core electron and core hole are located on the same site the TFXES is consistent with the instantaneous FXES.
We have used typical parameters for linear conjugated molecules and assumed that the C 1s core electron is excited to an unoccupied state and x-ray emission by the electronic transition from the occupied valence state to the C 1s core state. Since the C 1s core hole lifetime is estimated to be 10 fs, we can detect the temporal change of the TFXES can be detected using a 0.6 fs x-ray-gated pulse. Many experiments and theoretical studies have suggested that in light atomic materials made out of B, C, N, and O, a large amplitude nuclear motion can be induced within the core-hole lifetime ͓38,40,47,49,59-61͔. In this paper we only followed the motion of electron-hole pairs. However the nuclear motion induced by the core excitation in real-time and real-space with TFXES can be readily incorporated.
The double excitation of the valence exciton was neglected. When the energy gap between the valence and the conduction band is not so large, we have to take into account double excitations as well. The sum-over-state method then becomes tedious, because the number of the eigenstates rapidly grows. In order to take the many-body effects into ac- count, it may be preferable to directly follow the time evolution of the reduced density matrix using the timedependent Hartree-Fock or time-dependent densityfunctional techniques ͓56,62-65͔ Other x-ray nonlinear spectroscopies, such as pump-probe and four-wave mixing, can be used to investigate the exciton dynamics. These spectroscopies which may be similarly formulated by nonlinear response functions, will be studied in the future.
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APPENDIX A: THE GATED TFXES SIGNAL
In this appendix we derive Eq. ͑8͒. The time-gated fluorescence obtained by mixing the signal with the time-gating field A t (t) is given by Taking ␥ g ϭ␥ f ϭ0 and ⌫ eg ϭ⌫ ee Ј ϭ⌫ e f ϭ0, we obtain I e f ͑ 2y ͒I ee Ј ͑ zϪxϪy ͒I ge Ј ͑ 2x ͒ ϭI e f ͑ 2y ͒I ee Ј ͑ zϩxϪy ͒I eg ͑ Ϫ2x ͒ ϭI e f ͑ zϪxϩy ͒I g f ͑ xϩyϪz ͒I ge Ј ͑ zϩxϪy ͒.
͑B2͒
Substituting Eq. ͑B2͒ into ͑B1͒, we can combine these three terms, and obtain Eq. ͑13͒. If the incident x-ray pulse and the time-gated detection pulse are temporary well separated, we can extend the lower limit of the z integral to Ϫϱ. The three-dimensional integrals in Eq. ͑13͒ can be factorized into three one-dimensional integrals, resulting in Eq. ͑15͒.
